It is well known that a sequence in a Hilbert space is a Riesz basis if and only if it is a complete Bessel sequence with biorthogonal sequence which is also a complete Bessel sequence. Here we prove that the completeness of one (any one) of the biorthogonal sequences can be omitted in the characterization.
Introduction
A Riesz basis for a separable Hilbert space H is a sequence of the form (V e k ) ∞ k=1 with (e k ) ∞ k=1 being an orthonormal basis for H and V being a bounded bijective operator from H onto H. Riesz bases were introduced by Bari [1, 2] and already in [2] many properties and equivalent characterizations were determined. Below we collect the standard equivalences of Riesz bases from [3, 5, 6] , some of which appeared already in [2, 4] :
For a sequence (f k ) ∞ k=1 in a Hilbert space H, the following conditions are equivalent:
k=1 forms a Riesz basis for H.
(R 2 ) There is an equivalent inner product on H (i.e., an inner product generating an equivalent norm on H), with respect to which (f k ) ∞ k=1 is an orthonormal basis for H.
for every finite scalar sequence (c k ) (and hence for every
k=1 is a complete Bessel sequence in H and it has a biorthogonal sequence (g k ) ∞ k=1 which is also a complete Bessel sequence in H.
The purpose of this paper is to show that one may remove the condition for completeness of one (any one) of the sequences (f k ) ∞ k=1 and (g k ) ∞ k=1 in (R 6 ) (and respectively in (R 5 )).
Let us end the section with some notation and needed statements. In the entire paper, H denotes a separable Hilbert space and (e k ) ∞ k=1 denotes an orthonormal basis for H.
Removing a condition from (R 6 )
In this section we obtain a characterization of Riesz bases with relaxed conditions compare to the ones in (R 6 ). We show that one (any one) of the asumptions for completeness in (R 6 ) can be omitted. First let us prove that one can remove the assumption for completeness of (f k ) ∞ k=1 :
in H, the following conditions are equivalent:
k=1 is a Riesz basis for H.
(ii) (f k ) ∞ k=1 is a Bessel sequence in H and it has a biorthogonal sequence
For the surjectivity of T F , take an arbitrary f ∈ H and observe that for every j ∈ N one has
which by the completeness of (g j ) ∞ j=1 imples that f = T F T * G f . Thus, T F is surjective.
For every k ∈ N, f k = T F δ k . Then (f k ) ∞ k=1 is the image of an orthonormal basis under a bounded bijective operator, which is precisely the definition of a Riesz basis.
(i) ⇒ (ii): follows from Theorem 1.1.
Let us now consider relations between biorthogonality and completeness. It is welll known that completeness of one of two biorthogonal sequences does not imply completeness of the other one:
Let H be infinite-dimensional. Take an infinite-dimensional closed proper subspace K of H, an orthonormal basis (g k ) ∞ k=1 for K, and an orthonormal basis B for K ⊥ . Let (y k ) ∞ k=1 be a sequence which contains every element of B infinitely many times. Consider
and (g k ) ∞ k=1 are biorthogonal, and clearly (g k ) ∞ k=1 is not complete in H. As a simple concrete case, consider (g k ) being (e n ) ∞ n=2 and (f k ) being (e n + e 1 ) ∞ n=2 .
Here we observe that adding the Bessel assumption leads to a different conclusion regarding completeness. We show that Bessel biorthogonal sequences are either both complete or both incomplete:
and (g k ) ∞ k=1 be Bessel sequences in H which are biorthogonal. If one of them is complete in H, then the other one is also complete in H.
Proof. Without loss of generality, assume that (g k ) ∞ k=1 is complete in H. Fix an arbitrary f ∈ H. As in the proof of Theorem 2.1, for every f ∈ H and every j ∈ N, the biorthogonalify assumption leads to validity of (2.1) and then the completeness of (g
is complete in H. Note that in the above statement it is essential to assume the Bessel condition for both sequences. If only one of the biorthogonal sequences is assumed to be Bessel, the conclusion of Proposition 2.3 does not hold in general. Consider for example the Bessel sequence (g k ) ∞ k=1 and the non-Bessel sequence (f k ) ∞ k=1 in Example 2.2. Notice also that the Bessel property is not necessary for completeness of the biorthogonal sequences. Consider for example the complete biorthogonal sequences ( 1 k e k ) ∞ k=1 and (ke k ) ∞ k=1 , only one of which is Bessel, or (e 1 , 2e 2 , 1 3 e 3 , 4e 4 , 1 5 e 5 , . . .) and (e 1 , 1 2 e 2 , 3e 3 , 1 4 e 4 , 5e 5 , . . .), none of which is Bessel.
As a consequence of Proposition 2.3 and Theorem 2.1, one can now write the following characterization of Riesz bases, removing one (any one) of the completeness conditions from (R 6 ).
Theorem 2.4. For a sequence (f k ) ∞ k=1 in H, the following conditions are equivalent:
k=1 is a Bessel sequence in H, it has a biorthogonal sequence (g k ) ∞ k=1 which is also a Bessel sequence in H, and one of (f k ) ∞ k=1 and (g k ) ∞ k=1 is complete in H.
